Abstract. In this paper, via Casselman-Tadic's Jacquet module machine, we reprove I. Muller's irreducibility criterion for principal series, and extend it to generalized principal series. An analogous criterion for covering groups is readily obtained. At last, a conjectural irreducibility criterion for parabolic induction will be discussed in the appendix.
Introduction
One of the aspects of the Langlands program concerns harmonic analysis, especially the analysis of the constituents of parabolic inductions. One of the questions is to see what information one can read out from the Galois side. A notable example is the compatibility of the R-groups on the representation side and the Galois side. To initiate the journey, we may first ask the following question When is a parabolic induction irreducible? Recently, we learned the following beautiful conjecture from a seminar talk given by M. Gurevich in the National University of Singapore which says roughly that π 1 × ⋯ × π n irreducible iff π i × π j irreducible for all i, j.
This conjecture rekindles our enthusiasm about the analysis of the structure of parabolic induction, especially Winarsky and Keys' results about unitary principal series which we have thought at one point to generalize them to covering groups but failed. Back to the conjecture, using the classical Jacquet module machine, we can easily prove the conjecture for non-unitary (generalized) principal series assuming it holds for unitary cases. But we learned that the conjecture for non-unitary principal series of classical groups is a theorem of Tadić via the Jacquet module method. On the other hand, the unitary case FAILS with the counterexamples in Keys' paper as follows (cf. [Key82] ): SL 3 ∶ Ind(ω, ω −1 , 1) reduces with R-group equals Z 3Z, where ω 3 = 1 and ω ≠ 1.
SO 4 ∶ Ind(χ 1 , χ 2 ) reduces with R-group equals Z 2Z, where χ 2 i = 1 and χ i ≠ 1, i = 1, 2. Note that the second counterexample in some sense can be explained by enlarging SO 2n to the disconnected O 2n , while it seems that we have no such surgery to heal the first counterexample. To overcome this phenomenon uniformly, we may try to modify the conjecture using the Knapp-Stein R-group and the set of relative rank-one irreducibility as follows: (⋆) π 1 ×⋯×π n irreducible iff π i ×π j irrreducible for all i, j, and R={1} for the "unitary" inducing data. [Sha90, Sil78] ). In such situation, in order to serve an analogous but simple Muller type irreducibility criterion, we introduce a simple subgroup R σν of the Knapp-Stein R-group and our Main theorem could be stated as follows, please refer to the main content of the paper for the notation, Main Theorem. The following two statements are equivalent (i) I(ν, σ) is irreducible.
(ii) R σν = {1}, and no relative rank-one reducibility, i.e. Ind Mα M (σ⊗ν) is irreducible for all α ∈ Φ 0 M . Let us end the introduction by saying briefly the structure of the paper. In Section 1, we will first recall some basic notions. In Section 2, we recall Muller's irreducibility criterion for principal series and reformulate it for generalized principal series, while in the last, we prepare some necessary observations/facts which play an essential role in the proof and emphasize a history on some special cases of the irreducibility criterion. In Section 3, we reprove Muller's theorem for principal series via Casselman-Tadic's Jacquet module argument, and extend it to the generalized principal series case. In the appendix, inspired by Gurevich's talk and Muller type irreducibility criterion, we will propose an ambitious irreducibility criterion conjecture which seems to be a natural generalization of the conjecture in Gurevich's talk, and then discuss some supportive examples.
preliminaries
Let G be a connected reductive group defined over a non-archimedean local field F of characteristic 0. Denote by − F the absolute value, by w the uniformizer and by q the cardinality of the residue field of F . Fix a minimal parabolic subgroup B = T U of G with T a minimal Levi subgroup and U a maximal unipotent subgroup of G, and let P = M N be a standard parabolic subgroup of G with M the Levi subgroup and N the unipotent radical.
Let X(M ) F be the group of F -rational characters of M , and set
Next, let Φ be the root system of G with respect to T , and ∆ be the set of simple roots determined by U . For α ∈ Φ, we denote by α ∨ the associated coroot, and by w α the associated reflection in the
Denote by w Note that W M in general is larger than the one generated by those relative reflections.
For our purpose, we define the "small" relative Weyl group W 0 M ⊂ W M to be the one generated by those relative reflections, i.e.
Recall that the canonical pairing
Parabolic induction and Jacquet module: For P = M N a parabolic subgroup of G and an admissible representation (σ, V σ ) (resp. (π, V π )) of M (resp. G), we have the following normalized parabolic induction of P to G which is a representation of G
1 2 σ(m)f (g), ∀n ∈ N, m ∈ M and g ∈ G} with δ P stands for the modulus character of P , i.e., denote by n the Lie algebra of N ,
and the normalized Jacquet module J M (π) with respect to P which is a representation of M π N ∶= V ⟨π(n)e − e ∶ n ∈ N, e ∈ V π ⟩ .
Given an irreducible unitary admissible representation σ of M and ν ∈ a ⋆ M , let I(ν, σ) be the representation of G induced from σ and ν as follows:
generalized principal series
In this section, we first revisit Muller's irreducibility criterion for principal series and reformulate it for generalized principal series, then recall some history concerning some special cases and prepare some necessary structure theory for later use.
In [Mul] , she defines a subgroup W 1 λ of the Weyl group W governing the reducibility of the "unitary" part of principal series on the Levi level, which is indeed the Knapp-Stein R-group as follows (cf. [Win78, Key82] ), for the principal series I(λ) of G,
In view of [Wal03, Lemma I.1.8], one has
, we insist to denote by R λ the subgroup W 
Recall that for α ∈ Φ 0 M , the associated refection w α is defined as w Mα w M , where M α is the relative rank-one Levi subgroup determined by α, and w M (resp. w Mα ) is the longest Weyl element in the Weyl group W M (resp. W Mα ) of M (resp. M α ). Also recall that the relative Weyl group W M of M in G is defined to be
and the "small" relative Weyl group
M is the set of those reduced relative roots α which contribute a reflection w α preserving M , i.e. w α .M = M . Given these, we can define the analogous notions as follows:
Likewise, via [Wal03, Lemma I.1.8], we have
in such case, we know that R λ ≃ Z 2Z, but R σν = {1}. As all are well-prepared, now we can state the Muller type irreducibility criterion for generalized principal series as follows:
Main Theorem. Keep the notions as before. The following two statements are equivalent (i) I(ν, σ) is irreducible.
(ii) R σν = {1}, and no relative rank-one reducibility, i.e. Ind Lemma 2.1. Keep the notation as above. We have As the nature of the Jacquet module argument is to vastly use the induction by stage property of parabolic induction, so we need the following lemma.
Recall that Z M is the center of M , where M is the Levi subgroup of the parabolic subgroup P = M N in G. For α ∈ Φ 0 M , one has the associated coroot α ∨ , then we define
and define
It is easy to see that ∆ 1 also forms a relative subroot system. Denote by W ∆1 the Weyl group generated by ∆ 1 . Then we have, similar to [Mul, (ii) W σν is a subgroup of W ∆1 .
Proof. They follows from the fact that Φ 0 M is a relative subroot system.
Observe that Ind
M (σ) ⊗ ν is unitary after twisting by the central character ν of M ∆1 . In view of Lemma 2.2, it is quite natural to define the Knapp-Stein R-group of (G, I(ν, σ)) in terms of the R-group of (M ∆1 , Ind 
proof of the irreducibility criterion
In this section, we carry out the proof the Main theorem, i.e. the irreducibility criterion for generalized principal series, following Casselman-Tadic's Jacquet module argument. Let us first recall the Main theorem as follows:
Main Theorem (Muller type irreducibility criterion). I(ν, σ) is irreducible if and only if the following are satisfied
For the necessary part, it follows from the following facts stated in the previous section:
• For each α ∈ Φ 0 M , under the conjugation of a relative Weyl element w ∈ W M , we may assume that α is a relative simple root. Therefore, as Ind G P (ν, σ) and Ind
w share the same constituents, Ind
which in turn implies that Ind Mα M (ν, σ) is irreducible.
• As W σν is a subgroup of the Weyl group W ∆1 of the Levi subgroup M ∆1 determined by ∆ 1 , same argument as above shows that
given the fact that we can move out the ν from the inducing data on the M ∆1 -level as follows: Ind
As for the sufficient part, one can follow Muller's intertwining operator argument for principal series based on the following observation which is a corollary of Casselman's subrepresentation theorem, which has not been pointed out clearly in [Mul] , Appendix A. a conjectural criterion of parabolic inductions
In the appendix, we would like to first serve you two simple observations, originating from [Rod81, Luo18b, Luo18a], on a conjectural irreducibility criterion of parabolic induction learned from M. Gurevich's talk in the National University of Singapore. Then we would like to propose an ambitious conjecture for general groups.
In the following, let us first recall the explicit conjectural irreducibility criterion given in M. Gurevich's talk. Let P = M N be a parabolic subgroup of GL n with the Levi subgroup M = ∏ i∈I GL ni , and denote by P i,j the parabolic subgroup of GL (ni+nj ) with the Levi subgroup M i,j = GL ni × GL nj for i ≠ j ∈ I. For an irreducible admissible representation ⊗ i σ i of M , the conjectural irreducibility criterion of parabolic induction for GL n is as follows:
is irreducible if and only if the relative rank-one parabolic induction σ i × σ j ∶= Ind
The first observation comes from the structure theory of regular generalized principal series (cf. [Luo18b, Rod81] ) which roughly says that if the supercuspidal support of our induction data is regular, then the above conjecture holds. To be more precise, write the supercuspidal support of σ i as
with τ i,k supercuspidal. Then our simple observation can be stated as follows. Remark 3. If one replaces the condition "σ i × σ j is irreducible" by "relative rank-one induction is irreducible" in the Conjecture A.1, it is easy to see that the Lemma A.2 still holds for general connected reductive groups as [Luo18b, Theorem 3.7] applies to such generality.
The second observation comes from a "product formula" in [Luo18a] which roughly says that if the relative rank-one reducibility and the Knapp-Stein R-group conditions lie in a Levi subgroup
, where σ is a supercuspidal representation of the Levi subgroup M of P .
To be precise, denote by Θ Q the associated subset of ∆ which determines the Levi subgroup Q of G. We decompose Θ L = Θ 1 ⊔ ⋯ ⊔ Θ t into irreducible pieces, and accordingly
Assume that R σ decomposes into R σ = R 1 × ⋯ × R t with respect to the decomposition of Θ L , and a similar decomposition pattern holds for the relative rank-one reducibility, i.e. relative rank-one reducibility only occurs within
So an easy corollary of the Product formula is Lemma A.3. Assume the decomposition pattern of the relative rank-one reducibility and our revised R-group of the supercuspidal support data {τ i } i of σ as above is exactly L = M , then the Conjecture A.1 holds.
Remark 4. We learned that Conjecture A.1 is now a theorem of M. Gurevich.
Let σ be an irreducible admissible representation of M of the parabolic subgroup P = M N of G, we define the revised group R σ of σ in G to be our revised R-group of its supercuspidal support. Inspired by the Conjecture A.1 and the above two observations, we would like to propose an ambitious conjecture for connected reductive groups in the following. Remark 5. By and large the above conjecture may be false. In that case, it would be quite interesting to explore the obstruction.
Remark 6. After discussing with A. Minguez, we learned that one direction of our generalized conjecture, i.e. Conjecture A.4 holds which is given by [LT17, Theorem 1.1]. Also [LT17, Conjecture 1.3] holds for groups of types A n , B n and C n which follows from our "product formula as the associated revised R-group is trivial for groups of types A n , B n and C n , but may not be trivial for SO 2n .
